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P_i ■ Abstract 

I We use the lace expansion to prove that the critical values for nearest-neighbour bond 

' percolation on the n-cube {0, 1}"" and on Z" have asymptotic expansions, with rational coef- 

ficients, to all orders in powers of n~^. 

> '. 1 Main result 
m 
i> 

O ' We consider bond percolation on Z" with edge set consisting of pairs {x, y} of vertices in Z" with 
^ — = 1, where \\w\\i = Y.]=i for ^ ^ Bonds (edges) are independently occupied with 
probability p and vacant with probability 1 — p. We also consider bond percolation on the n-cube 
^ Q„, which has vertex set {0, 1}" and edge set consisting of pairs {x, y} of vertices in {0, 1}" with 
1-g ||x — ylli = 1, where we regard Q„ as an additive group with addition component-wise modulo 2. 

Again bonds are independently occupied with probability p and vacant with probability 1—p. We 
G ■ write G in place of Qn and Z" when we wish to refer to both models simultaneously. We write f2 
>- for the degree of G, so that Q = 2n for Z" and Q = n for Q„. 
^ i For the case of Z", the critical value is defined by 

H : 

5t , = inf{p : 3 an infinite connected cluster of occupied bonds a.s.}. (1-1) 

Given a vertex x of G, let C{x) denote the connected cluster of x, i.e., the set of vertices y such 
that y is connected to x by a path consisting of occupied bonds. Let |C(x)| denote the cardinality 
of C{x), and let x{p) = IEp|C(0)| denote the expected cluster size of the origin. Results of [H 1^ 
imply that 

p,(Z") = sup{p : x{p) < oo}. (1.2) 

is an equivalent definition of the critical value. 

For percolation on a finite graph G, such as Qn, the above characterizations of j9c(G) are 
inapplicable. In jHl El El (in particular, see [IHI); it was shown that there is a small positive 
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constant Aq such that the critical value Pc(Qn) = Pc{Qn', Aq) for the n-cube is defined implicitly by 

xiPciQn)) = Ao2"/l (1.3) 

Given Aq, ()1.3p uniquely specifies Pc(Qn), since x{p) is a polynomial in p that increases from 
x(0) = 1 to = 2". As discussed in jTU], pdQn] Aq) depends only weakly on the choice of Aq. 
This point is also refiected in the Remark below. 
Our main result is the following theorem. 

Theorem 1.1. (i) For G = Z", there are rational numbers aiiJT'^ such that for all M >1, 

M 

p,(Z") =^ai(Z")(2n)-* + 0((2n)-^^-i) as n ^ oo. (1.4) 

i=l 

The constant in the error term depends on M. 

(ii) For Qn, let M > 1, fix constants c,c' (independent of n but possibly depending on M), and 
choose p such that xip) ^ [cn^, c'?t,~^*^2"] . Then there are rational numbers ai(Q„), independent 
of p, c, c' , such that for all M > 1, 

M 

p = Y,ai{Qn)n-' + 0{n-^-^) as n ^ oo. (1.5) 

i=l 

The constant in the error term depends on M, c, c' , but does not depend otherwise on p. 

Remark. Theorem ILlf ii) states that, for Q„, any p for which x{p) ^ [cn*^, c'n~^*^2"] will have 
the same expansion up to an error 0(n-*^-i), with the error independent of p. Note that the 
expansion ()1.5p is valid simultaneously to all orders M if we choose p to lie eventually in all 
intervals [cn'^'^ ,c'n~'^'^^2'^]. Thus, fll.5|) holds simultaneously for all M for any p for which x{p) 
is in the interval [/„, /~^2"], where /„ is a sequence that grows faster than any power and more 
slowly than e"" for all a > (e.g., /„ = 2^). In particular, (|1.5|) holds for p = pdQn'-i Aq) for any 
constant Aq > 0, with the aj(Q„) independent of Aq. 

The formulas for M = 3 were obtained in HH], with ai(Q„) = ai(Z") = 1, a2(Q„) = 

a2(Z") = 1, a3(Q„) = a3(Z") = |, and it was predicted (but not proved) that a^^Qn) and a4(Z") 
are different. Equation (jl.4j) with M = 3 was proved previously in [TBI H^!- where it was shown 
that Pe(Z") = (2n)-i + {2n)-^ + |(2n)-3 + 0{{2n)-^). 

The expansion 

1 1 7 16 103 , , 

was reported in |il2J, but with no rigorous bound on the remainder. The convergence of pJ^EP-^ to 
the leading term (2n)~^ has been studied in IH El CH CSl CHI , with various error estimates. 

For Q„, the leading term for the critical value was identified as in 0, and this was refined 
in [7]. It was subsequently proved (see ^| (1.10)]) that 

1 - Aq '2-"/=^ < npe(Qn) < 1 + 0{n^). (1.7) 

This gives ()1.5|) for M = 1 for p = pdQn)- 
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In IHIEICII!, it was conjectured that the phase transition for Q„ takes place within a scahng 
window of width 2""/'^ centred at pdQn), and it was proved that the scahng window has width at 
most e~^"^^^. Except in the unhkely circumstance that the expansion ()1.5p eventually terminates 
as a polynomial in n~^, any truncation of the expansion gives a result that lies outside this 
exponentially small scaling window for large enough n. The non-perturbative definition ()1.3j) of 
Pc(Qn) therefore tracks the scaling window more accurately than any polynomial in can ever 
do. 

On the other hand, the asymptotic expansion gives information on the phase transition on 
Q„, at every polynomial scale. To explain this, we first recall some results from ^Uj. Let p = 
PciQn) + en~^, where e may depend on n, and let Cmax denote a cluster of maximal size. By [T0| 
Theorem 1.1], if e < and lim„^oo |e|2"'/^ = oo, then 

X(p) = ^[1 + 0(1)], (1.8) 
4 < ICmaxI < o + o(l) a.a.s., 1.9 

gZ 

where ci is a universal constant, and where we say that a sequence En of events holds a.a.s. 
(asymptotically almost surely) if lim„^oo IP(-E'n) = 1- By fOl Theorems 1.4, 1.5], there are universal 
constants 02,03, C4 such that if e > and lim„^oo e2"'/^ = 00, then 

C2e'2- < Xip) < cse'2\ (1.10) 

|Cn.ax| > C4e2" a.a.s. (1.11) 

For M > 1, let 

M 

Pr'(Qn)=E«^(QnK' (1-12) 
i=l 

denote an approximate critical value. Let p = ^^"'(Qn) + Sn~^ , so that by p.5|) p = pdQn) + en~^ 
with e = Sn^-^^[l + 0{5-^n-^)]. It follows from JTHll-dOI) that for fixed 5 < 0, as n 00, we 
have 

x{p) = \S\-'n''-'[l + oil)], (1.13) 

icirV*^-2 < IC^axI < 2(log2)rV^^-i[l + 0(1)] a.a.s. (1.14) 
In addition, it follows from (jl.iop - p.lll) that for fixed 5 > 0, 

^C25'n2(i-^^)2" < x(p) < 2c3(5V(i-*^)2", (1.15) 

|Cmax| > ^C4(5n^~*^2" a.a.s. (1.16) 
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This shows that the largest cluster jumps from poly-logarithmic in the volume for 5 < 0, to 
proportional to the volume up to poly- logarithmic factors for 6 > 0. Thus there is a phase 
transition on scale n"*^ at Pc*^'(Qn), for each M > 1. A similar transition takes place if we 
instead consider p = Pc(Qn) + Sn~'^'' , where the critical point pdQn) is of course independent of M. 
Although Pc{Qn) locates the phase transition simultaneously for perturbations on scale n~^^ for 



all M, there is nevertheless a satisfying concreteness to the polynomial p[ 



(M) / 



in n , compared 



to the implicitly defined pdQn) of ()1.3p . Moreover, p'-J^^Qn) is independent of the parameter Aq. 

In the next proposition, we conclude from ()1.13|) and p.lSj) that Theorem II .iH i) follows if we 
can prove ()1.5|) for any one particular choice of p, such that x{p) li^s in the interval [cn^, c'n~^*^2"^ 
We will make a convenient choice in (|2.4j) below. 



Proposition 1.2. 

that x{p) £ [cn 



M 



c n 



Let G = 

2A/2nl 



If p obeys p.5j) for some fixed sequence p (depending on n) such 
then ()1.5|) is valid for every such p. 



Proof. Define pi and p2 by xipi) 



cn 



M 



and x{P2) 



c n 



-2Mnn 



2". Then pi < P2- We will prove 



that pi > Pc{Qn) — 0(n^*^^^) and p2 < Pc{Qn) + 0{n~'^^^^), where the constants in the error 
bounds depend only on c, c'. This suffices, since it implies that if ^ 
then \p' — p\ = 0(n~*^~-^). 

To prove the bound on pi, we let ei 



2c-^n-^^. 



By ()1.8|) . for n sufficiently large. 



so by the monotonicity of x, 



Pi > Pc 



> X{Pc 



— ein 



£1 

n 



Pc 



cn 



M+l ' 



For the bound on p2, we let €2 = yd /c2n By 

xiP2) = C2e^2" < xiPciQn) + e2n-') 

so by the monotonicity of x^ 




M+l ■ 



:i.l7) 



:i.i8) 



:i.i9) 



:i.2o) 



□ 



We expect that the full asymptotic expansions aj(G)fi~* for Q„ and do not converge, 
although we have no serious evidence for this conjecture. On a very naive level, the coefficients 
1, 1, |, 16, 103 stated in ()l.fj|l are going in the uncomfortable direction. Also, there is an example 
where divergence has been proven. In JT], Fisher and Singh review expansions in the inverse 
dimension for the critical temperature of spin systems, and in particular for the A^-vector model 
|13j . It has not been proven that such expansions are asymptotic for general A^. However, for the 
spherical model ,5j, which corresponds to the limit A^ — 00 of the A^- vector model, the critical 
temperature Tc(Z") is exactly equal to 



dki dk„ 



^7r,7r]" 2{n - cos kj) 2tt 27r 



:i.2i) 
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The integral ()1.2H1 has an asymptotic expansion to all orders in powers of l/ra, but this expansion 
is divergent ,13^. There is no reason to expect that such divergence is limited to the spherical 
model. 

As a side remark, we note that it is pointed out in [T^ that there are sign changes in the 
expansion of Tc(Z") at orders (2n)~^^ and (2n)~^°. From (jl.fij) . one might guess that aj(Z"') > 
for all i, but the spherical model shows that negative coefficients can occur relatively late in the 
series. Indeed, although we do not determine their overall signs except for i = 1,2, 3, in our proof 
there are contributions to the aj(G) of both signs. 

For the connective constant for self-avoiding walks on Z", existence of an asymptotic expansion 
to all orders in (2n)~^ was proved in ^H], but the corresponding result for percolation was not 
obtained. Our method is based on the lace expansion and follows the same general approach as 
that used for the connective constant in [12], but the details here are significantly different and 
substantially more difficult. 



2 Application of the lace expansion 

For Q„ or Z" with n large, the lace expansion [TP gives rise to an identity 

X{p) = ^ + . , (2.1) 

i-fip[i + nj' 

valid for p < Pc{G). The function lip is finite for this range of p. Although we do not display the 
dependence explicitly in the notation. Hp does depend on the graph Q„ or Z". For a derivation of 
the lace expansion, see, e.g., Section 3]. It follows from ()2.1|) that 

^P=T^-X(pr'- (2.2) 

For Z", 1)2.11) follows from results in fT^ Section 4.3.2]. (Note the notational difference that in 
[12] what we are calling here tip is equal to Z]^o(~-'-)"5'«(0)-) Since x(pc(Z")) = oo, ()2.2|) gives 

2npc(Z") = 3 . (2.3) 

1 + Up^iz") 

Bounds of [ig imply that \tlp,(z") \ = 0{n-^). This gives pd^"") = {2n)-^ + 0(^-2), which is dHj) 
for M = 1. 

For Qn, the identity ()2.1|) is established in [9, (6.1)]. We fix a sequence /„ as in the remark 
below Theorem ll.il That is, we require that lim„^oo fnn~^'^ = oo for every positive integer M and 
that lim„^oo /ne""" = for every a > 0. In view of Proposition 11.21 it suffices to prove (jl.Sp for 
p = p, where p is defined by 

XiP) = fn. (2.4) 

For p = p, ()2.2|) gives 

np = -X- + Oif-'). (2.5) 
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The second term on the right hand side is an error term for ()1.5|1 , and can be neglected in the proof 
of Theorem II .If ii). It follows from results in that IIIpl < 0{n~ 



In more detail, it follows from 

and 



P Proposition 5.2] that \Up\ < const(A3 V /3), where A = x(p)2""/^ < /„2-"/3 for p < Pc(Qn), 
j3 is proportional to n^^ by [3 Proposition 2.1]. With ()2.5|1 . this implies that p = n^^ + 0{n 
which is (Hini) for M = 1. 
Henceforth, we will write 



-2\ 



Pc = Pc(G) 



p (G = Q„) 



[2.6] 



The identities fl2.3j) and ()2.5j) give recursive equations for pc, in which an input for pc on the right 
hand side gives rise to an improved value of pc on the left hand side. To prove Theorem 11.11 using 
this recursion, we will apply the following proposition. 

Proposition 2.1. Fix M > 1. For G = Q,„ and G = Z", there are rational numbers aj,i,M = 
ttj,j,M(G) and a positive integer Lm such that for p < pc{'Gi), 



i=l j=0 



(2.7) 



The constant in the error term depends on M. 

Proof of Theorem \l.l\ assuming Proposition \2.1\ We restrict attention to p = pc-, which is sufficient 
by Proposition 11.21 The proof is by induction on M. As discussed above, we know that ()1.4|1 and 
p.5j) hold for M = 1. We assume that ()1.4|1 - ()1.5|1 hold for 1, ... , M, and prove the corresponding 
result for M + 1 . 
By dOD and 

Pc = + 0{n-^'~') (2.8) 

(in fact the error term is zero for Z" and is 0{n^^f^^) for Q„). By the induction hypothesis, there 
are rational Pk,i = /3fc,i(G) such that for i 



1 L 



Ml 



Pc 



M 



-M-l 



■M-l 
.k=0 



(2.9) 



By Proposition 12. H this implies that 

n 



M-l 



i=l j=0 
M 

E7Mf^-' + o(^]-^-^ 
1=1 



E Pk,in-' + o{n- 

k=0 



M\ 



+ 0{n 



-M-l-' 



(2.10) 



for some rational coefficients ji^m = 7«,m(G). Substitution of ()2.1()j) into ()2.8|1 shows that there 
are rational coefficients ^ such that 



M+l 



AI-2 



)• 



(2.11) 
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The consistency of (12.1111 with the induction hypothesis imphes that for j = 1, . . . , M the coeffi- 
cients Qj^M in fact depend only on j. This completes the proof. □ 
Note that the precise value of Lm is not needed in the above proof. It remains to prove 
Proposition 12.11 For this, we will use the description of Hp given in the next section. 

A 

3 The function 11^ 

The function Hp has the form 

oo 

tip=T.i-^f^r- (3-1) 

N=0 

To define nj/^' (see jH] or we need the following definition. 

Definition 3.1. (i) Given a bond configuration, we say that x is doubly connected to y, and write 
X y, if X = y or if there are at least two bond-disjoint paths from x to y consisting of occupied 
bonds. 

(ii) Given a bond configuration, vertices x,y, and a set A of vertices of G, we say x and y are 
connected through A, and write x ^ y, if every occupied path connecting x to y has at least one 
bond with an endpoint in A. 

(iii) Given a bond configuration, and a bond b, we define C''{x) to be the set of vertices connected 
to X in the new configuration obtained by setting b to be vacant. 

(iv) Given a bond configuration and vertices x, y, we say that the directed bond {u, v) is pivotal 
for X ^ y if (a) x y occurs when the bond {u, v} is set occupied, and (h) x ^ y does not 
occur when {u,v} is set vacant, but x ^ u and v y do occur. (Note that there is a distinction 
between the events {(u, f) is pivotal for x ^ y} and {{u,v) is pivotal for ?/ <-> x} = {{v,u) is 
pivotal for x y}.) 

(v) Given vertices x and a set of vertices A, let 

E'{v, x\ A) = {v ^ x} Pi occupied pivotal (u', v') for v ^ x s.t. v ^ u}. (3.2) 

We refer to the second event on the right hand side of ()3.2|) as the "NP" (no pivotal) condition. 
By definition, 

n;°' = EPp(o^^) (3-3) 

and 

n;^^ = E E pE. 

On the right hand side of (j3.4j) . the cluster C'o"'"''(0) is random with respect to the expectation 
Eq, but C'o"'''^(0) should be regarded as a fixed set inside the probability P^. The latter introduces 
a second percolation model which is dependent on the original percolation model only via the set 



J[O^Mo]Ei/[^'(t;o,x;C'("°'^°)(0))] 



(3.4) 
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In general, for > 1, 

n^' = E E ■ ■ ■ E P^'Eo/fO ^ no] (3.5) 

^ («0,fo) {"JV-l,fJV-l) 

X EJ[E'{vo, Mi; Co)] ■ ■ ■ E,y_J[E'{vN-2, Un^i, Cn-2)]^nI[E' {vn^i, x; Cn-i)], 

where we have used the abbreviation Cj = Cj'^^''"'\vj-i) (with v^i = 0), and where each sum over 
(u, v) is a sum over all directed bonds. The expectations in ()3.5|) are mutually dependent through 
the C clusters. We use subscripts for C and the expectations, to indicate to which expectation 
C belongs, and refer to the bond configuration corresponding to expectation j as the "level-j" 
configuration. We also write Fj to indicate an event F at level-j. 

We will rewrite fl3.5|l as follows. We set un = x and V-i = 0, and write 

Eo = {0^ uo}o, (3.6) 



E, = £;'(t;,_i, u„ C,^^), (j = 1, . . . , iV), (3.7) 

and 

E^^' = n ^1 n ■ ■ • n Ejv- (3.8) 

We drop the subscript p on fl*^', and write E'^' for the joint expectation EqEi ■ • ■ Ejy. We write 
the sum over x and all {uj, Vj) {j = 0, . . . , N — 1) as J2x,{uj,vj)- With this notation, ()3.5j) takes the 
more compact form 

nr = E p^^*'^' [^[^*'^']] • (3-9) 

X,{uj,Vj) 

It is known that for all iV > 0, 



C 



NVl 



< Him < j uniformly in p < pc{G). (3.10) 

For Q„, ()3.1Up is established in [3 Lemma 5.4]. In more detail, Lemma 5.4] states that 
n^,^' < [const(A3 V (3)]^'^\ where A = x(p)2""/^ < c/„2-"/3 for p < pdQn)- In addition, it is 
shown in Proposition 2.1] that f3 can be chosen proportional to n~^. This gives ()3.in|l for 
Q„. For Z", ()3.1()j) follows from results in jl5[ Section 4.3.2] (we emphasize again that there are 
notational differences in ^15]). 

It follows immediately from ()3.10|) that to prove ()2.7p it is sufficient to prove that there are 
rational numbers cej,i,M such that 

M Lm «-1 

E (-i)^nr = E E «.,.MfiV + o{n-''-'). (3.11) 

Ar=0 1=1 j=0 

Thus it is sufficient to show that for each N < M there are rational numbers a^-^V such that 

nr = E E + o{n-''-'). (3.12) 

i=l j=0 
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Suppose that we could show instead that 

Lm Lm 



= E E c^Z:m^¥ + o{Q-''-'). (3.13) 

i=0 j=0 



The sum on the right hand side can be rewritten as 



Lm / LM-k \ 

E E <i,MM]- (3.14) 

k=-Lf,i \j=-fcVO / 

It follows from ^l^i that 

LM-k 

E c^llLui^PY = (A; > -(iVV 1)), (3.15) 

i=0 

for a continuous range of p values of order Q^^. This then implies, in particular, that al1\ j ^ = 
for k > 0. Thus, ()3.13|) implies ()3.12|) . The remainder of the paper is devoted to the proof of 
dnm, for fixed N < M. 

In estimating error terms, it is convenient to work with an upper bound for the event -E*^' 
defined in (j3.8p . Let E o F denote disjoint occurrence of the events E and F. We define 

Fo(0, uq, wq, zi) = {0 ^ uq} o {0 ^ Wo} o {wo ^ uq} o {wo ^ zi}, (3.16) 
F'{vi_i,ti, Zi, Ui, Wi, Zj+i) = {vi^i ^ ti} o {ti ^ z.i} o {ti ^ Wi} 

o {zi ^ Ui} o {wi ^ Ui} o {wi <-> Zi+i}, (3.17) 
F"{vi_i,ti, Zi, Ui, Wi, Zi+i) = {vi^i ^ Wi} o {wi ^ ti} o {ti ^ z-i} 

o {ti ^ Ui} o {zi ^ Ui} o {wi Zi+i}, (3.18) 

F(vi-i, ti, Zi, Ui, Wi, Zi+i) = F'{vi-i, ti, Zi, Ui, Wi, Zi+i) U F"{vi^i,ti, Zi, Ui, Wi, Zi+i), (3.19) 

FN{vN-l,tN, zn, x) = {vn-1 ^ t^} O {tN ^ Zn} o {t^ ^ x} o {zn ^ x} . (3.20) 

We also define F^°^ = {0 ^ Uq}, and, for > 1, let 

F^^^ = y (Fo{0,Uo,Wo,Zi)or\(^f]F{Vi-i,ti,Zi,Ui,Wi,Zi+i)i^nFN{vN-l,tN,ZN,x)Nj, (3.21) 

where t = {ti, . . . , tjv), w = {wq, . . . , wjy^i) and z = {zi, . . . , z^)- It is then a standard estimate 
(see Section 4.1] for a discussion using our present notation) that for > 0, 

E'^) C (3.22) 



4 The polynomial 

In this section, we prove (j3.13p (and hence Proposition 12. ip apart from the estimation of several 
error terms that are identified below. These error terms are bounded in Section |S1 to complete the 
proof of ()3.13|) . We begin with some definitions. 
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4.1 Basic concepts 

For > 0, let G*'^' = (G(0), . . . , G{N)) denote (A^ + 1) copies of G. This graph contains the edge 
set of G within each component G{i), and no edge hnks any vertex of G{i) with any vertex of G{j) 
when i ^ j. We consider percolation on G'^', which is the natural setting for the event i?'^' of 
(jSIHI)- We denote the set of vertices of G'"^' by (V(0), . . . , V[A^)), where V(j) is the vertex set of 
G(j). In the event Ej = E'{vj_i,Uj; Cj^i)j, the random set C^-i C V(j — 1) is identified with the 
corresponding subset of V(j), in ()3.2j] . 

Definition 4.1. Let > 0. Given A = {A{0), . . .,A{N)) with each A{j) C V(j), and an event 
E on G''^', the event {E on A} is the set of configurations for which E occurs in the possibly 
modified configuration in which each bond with one or more endpoints not in A is set vacant. 

We write = {A{OY, A{NY), and, for B = (5(0), . . . , B{N)), we define AnB = {A{0) n 
B{Q), . . . , A{N) n B{N)). It is a direct consequence of Definition lO that 

{E"" on A} = {E on Ay, (4.1) 
{EnF on A} = {E on A} f] {F on A}, (4.2) 
{{E on A} on B} = {E on An B}, (4.3) 

so the notion "on A" is well behaved with respect to the operations of set theory. In addition, the 
proof of ()3.22|) also shows that 

{E(^) on A} C {F(^) on A} C F*^'. (4.4) 

Definition 4.2. Fix a bond configuration on G'^', fix the summation variables x, {uj,Vj) {j = 
0,...,N -1) of (jSSl), and let un = x, V-i = 0. 

(i) The backbone at level-j is the random set of vertices defined by 

= {y e V(j) : ^ y}, o {y ^ u,},} (j = 0, . . . , iV). (4.5) 

The extended backbone B'^ at level- j is 

^ [b, yj{ye C, : ^ y}, o {y ^ B,+^^ (j = 0, . . . , iV - 1) 

' \Bn (j = N). ^ ■ ' 

(ii) The dimension D = {Di, . . . ,Dn) € {0, 1}" is defined by setting i^j = 1 if there is a j G 
{0, . . . , A^} and a. y E B^ with yi ^ 0, and otherwise Di = 0. Let Vj denote the collection of paths 

consisting of level-j paths from vj-i to uj, and level-j paths in Cj from vj-i to -Bj+i. Then D 
indicates all directions in G that are explored by occupied paths in Vj, for all j. 

Given i? > 0, let = {x G V : ||x||oo < R}- Let B<f) = (1^(0), . . . ,Bfl(A^)) denote (A^ + 1) 
copies of Bfl. Given de {0, 1}", let 

Y^={x eY ■.Xi = Oifdi = 0}, (4.7) 
Vl"' = (V,-(0), . . . , Y,iN)) = {N + 1) copies of V,-, (4.8) 

d.R d ^ ^ ' 
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Taking d to be the random vector we extend Definition 14. II to the case where A is the random 
set by the disjoint union 

{EonNfJ= U {{EonYg]n{D = d}). (4.10) 

We will use the following lemma. 
Lemma 4.3. For N >0 and R> 0, 

on B(f)} = {E'^' on ¥fj. (4.11) 

Proof. The basic step in the proof is to observe that the event i?'^' is determined by occupied 
paths in the extended backbones Bj' (j = 0, 1, . . . , N), and by the definition of D, these paths lie 
in V^'. From this, we see that 

E^^' n{D = d} = {E(^) on V^^'} n = 4. (4.12) 

Therefore, 

{E(^)onBff'}= U {E''^' onB^f' }n{l3 = 4 
de{o,i}" 

= U {{E''^^ on Vj"} onB^'")}n{^ = 4 
rfe{o,i}" 

= U {E'-' on vj;} n = 4 

de{o,i}" 

= {E^-' on V<3"'J, (4.13) 
where we used ()4.12|) for the second equality, ()4.3p for the third, and ()4.10|) for the fourth. □ 



4.2 The iteration 



Henceforth, we write Ilj/^' as 11*^', and we will introduce new subscripts with different meaning 
than p. Recall the definition of 11*^' in ()3.9j) . For Rq > 0, we write 



n 



(AT) 



f](N) _|_ C{N) 



where 



X,{uj,Vj) 



X,{Uj,Vj) 



g(iV)l 



We will choose Rq = Rq{M) in Lemma [4.51 below, in such a manner that 
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(4.14) 

(4.15) 
(4.16) 

(4.17) 



so this term is an error term. The bound ()4.17j) is a reflection of the fact that configurations that 
leave IB^\ with Rq large depending on M, must contain a long extended backbone path, and this 
gives rise to an error term. This notion will be formalized in Proposition 15.11 below. 
By Lemma [4.31 



X,(Uj ,Vj ) 



(4.18) 



Let 



where 



J2i=i Mil denote the norm. Given Ro,Ri > 0, we write 



(4.19) 



ll(N) 

RO,Rl 



p'^Et'^' [J[E'^) on ¥^^IJI[\\D\\ < R 



(4.20) 
(4.21) 



X,{uj,Vj) 

^ p^E<~' [/[E(^) on y^pJIlWDW > Ri 

X,{uj,Vj) 

We show below in Corollarv 14.91 that for Rq = Rq{M) chosen as above, and for suitably chosen 
i?i = i?i(M), 

£'2:Lr.=0{^-''-'). (4.22) 

so this term is an error term. The bound ()4.22|) will follow from the fact that large ||Z^|| implies the 
existence either of a long extended backbone path, or of many distinct extended backbone paths. 
By definition, 

n'"^ = nL':!., + ^^lZ + ^2Z,«.' (4-23) 

with 



HO,fll 



^ ^ [/[E'^' on ¥fJI[D = cTi] 

di:\\di\\<Ri ^'("^j'^j) 



(4.24) 



Our goal is to rewrite the expectation in ()4.24|) . up to error terms, as an expectation of an event 
that occurs on some Vj-^ with \\d\\ and R bounded depending only on M. The factor I[D = di] is 
not yet of this form, and needs to be rewritten. 

We write d > d' if di > d'^ for all i = 1, . . . ,n. Given Q (large), R = {Rq, . . . , -Rg+i) with 

-Ro < ■ ■ ■ < Q ^ ■ ■ ■ yQ}y cind \\dg\\ < Rg, we proceed as follows. First, we make the 

decomposition 



I[D = dg] = I[{D = dg}onYf^ ]I[D = dg]+I[{D<dg} on ]I[D = d, 

In the first term on the right hand side of ()4.25|) . we make the replacement 

I[D = dg] = I[D > dg] - I[D > dg]. 

Since {{D = dg} on V'^' } C {D > dg}, we obtain 



(4.25) 
(4.26) 



I[D = dg]=I[{D = dg} on Y^J\ ] 

-rI[{D<dg}onNf^ mD = dg] 

- I[{D = dg} on V<5;^ JI[D > dg] 



(4.27) 



12 



In the last term on the right hand side, we insert the factor 

l = J[||D||>i?,+i]+J[||^||<i?,+i]. 



(4.28) 



This gives 



I[D = 4] = I[{D = d,} on V;f' ^ 



,q j-fXg — 1 

I[{D < cTj on YfJ^^JI[D = d,] 
I[{D = d,} on V<5'^J/[PII>i?.+i] 

E ^ I[{D = d,} on ¥fJ^^JI[D = d,^,], 

dq+l : dq + l > dq 
\\dq+l\\ < Rq + 1 



(4.29) 



since in the third term D > dg follows from the facts that \\D\\ > Rq+i > Rq > IM^H and D > dq. 

We define Sq{R) to be the set of (rfi, . . . , dq) such that di < ■ ■ ■ < dq and \\di\\ < Ri for each 
i, and we make the abbreviation Aq = {di, . . . , dq). We also use the abbreviations 



q=l 



Ts = n I\{D = dq} on Vl^X„J/[{/3 < 4} on V<5; = ci^ 



9=1 



= n nw = dq} on v;f;^ jimi > rq^,] 



q=l 



T, = Y[ I[{D = dq} on Vj''^ JI[D = 



(4.30) 
(4.31) 
(4.32) 
(4.33) 



9=1 



Iteration of ()4.29p leads to 



J: I[E^-^ on = d,] 



di:||(iil|<i?l 



= E(-1)^"' E /[i?<'^'onV;5;j(T + T3-T4 
Q=i AQe5Q(iJ) 

+ (-1)'^ E ^[^'"' on YfjT,. 
We insert the identity (jOlj) into the right hand side of (g^H)- With (jOSl), this gives 

where the right hand side is defined as follows. First, the main term is 



•^S=E(-1)^"^ E E P^E^-' on ¥^5' JT 



Q=l 



AQe5Q(i?)^.K-.'"j) 



(4.34) 



(4.35) 



(4.36) 
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The error term is 



i=3 



where the first two terms on the right hand side are given by ()4.16p and ()4.21|) . and 



(4.37) 



C(N) 



Q 



C(N) 



C{N) _ 

5,R,Q 



{-If E p'^E'"' 



/[E''^) on V^^'' ]T4 



/[E'^) on IT. 



(4.38) 

(4.39) 
(4.40) 

We will show in Section |01 that Q{M) and R{M) can be chosen such that ^gj = 0(^]-*^-^). 
Given this bound on the error term, to complete the proof of ()3.13|) it suffices to prove the following 
proposition. 

Proposition 4.4. Let Q{M) and R{M) he given. The main term A^^^ is a polynomial in Vt and 

p of the form J^ijLo Ci^fi m^'' > ()3.13|1 . with rational coefficients and with degree depending 

only on M . 

Proof. Since Q depends only on M, it suffices to show that each term in the sum over Q in ()4.36|] 
is a polynomial of the desired form. Thus, for fixed Q G {1, . . . , Q}, we will show that 



Q 



E E P'^E'"' ^[^'"^^ on N'^J n = dq] on V; 



is a polynomial of the desired form. 

We perform the sum over Aq in the order 

E 



q=l 



dq,Rq^l^ 



E 



dQ.\\dQ\\<RQ Aq-i&Sq-i{R) 
dq-l < dq 



(4.41) 



(4.42) 



which puts the sum over dq last. When Q = 1, the second sum is absent. We define an equivalence 
relation on {0, 1}" by regarding tTand d' as equivalent if = i.e., if (Tand d' have the same 
number of components taking the value 1. If c? and d' are equivalent, then by symmetry they give 
rise to equal contributions to the sum over dq in 1)4.411) . Let [d]^ denote the element of {0, 1}" 
that consists of m ones followed by n — m zeros. Then 1)4.411) is equal to 



Rq 

E 

m=l 



n 

.m. 



E E f^E- [HE"" on J n = d,} on V- 

Aq-1 e Sq-i(R) : ^,{uj,Vj) 9=1 

cIq-i < [d]m 



, (4.43) 



where dq is equal to [d]r 
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The number of terms in the sum over Aq_i depends only on R, and hence depends only on 
M. Also, the cardinality of the set V'j' is bounded by a constant depending only on M, 

[d\m,RQ-l 

uniformly in m < Rq, and this set contains the sets V*^' for q < Q. The event {E'-'^^ on Vj'' } 
implies that x, Uj, Vj G , and hence the number of terms in the sum over x, {uj, Vj) is bounded 

by a constant depending only on M. Thus, it suffices to prove that the expectation in ()4.43|) is a 
polynomial of the desired form. 

The expectation in (j4.43j) is the probability of an event that only depends on the occupation 
status of bonds in V[j' . Explicitly, this probability is the sum, over the finitely many config- 

urations on V|^' ^ for which the product of indicators is 1, of p^{l — p)^, where x and y are the 

number of occupied and vacant bonds, respectively, in the configuration. Thus, this probability is a 
polynomial in p with integer coefficients. Therefore, taking into account the binomial coefficient in 
()4.43|) . the coefficients of the polynomial ()4.43|) in n and p must all be rational numbers. (We note 
that rational coefficients arise here rather than the integer coefficients found for the self-avoiding 
walk in ^Hj, because in counting dimensions under symmetry, combinations arise here whereas for 
the self-avoiding walk it was permutations.) □ 



4.3 Error estimates 



We now formulate three lemmas which show that we can choose Q and i?o < -Ri < • ■ ■ < Rq+i, 
all depending on M, such that each of ^2^',i;i, and ^j'^q U = 3,4,5) is OiVt''^^^^). As noted 
above, these estimates imply ()3.13|) and thus complete the proof of Proposition 12.11 Proofs of the 
three lemmas will be given in Sectional 



The first lemma gives the desired bound on £[ 



(JV) 

Rq- 



Lemma 4.5. Let M > 1. There exists a Ki = Ki(M) and an ro(M) such that if Rq > ro(M) 
then for N < M and p < pc, 

K,n-^'-\ (4.44) 

The corollary to the second lemma gives the desired bound on £''^I^q- 

Lemma 4.6. Let M > 1. There exists a K2 = K2{M) and an r{M) such that if R > r{M) then 
for N < M and p < p^, 



(4.45) 



Corollary 4.7. Let M > 1 and Q > 2. If r{M) < Rq < Rq for Q = 0, . . . ,Q - 1, then for 
N < M and p < Pc, 

I^^S.qI <Q2(«-i)^Oir2fi-^'-^ (4.46) 
Proof. By ()4.4|1 and ()4.3H1 . the summand in the sum over Q in ()4.38|1 is bounded above by 



^Q&Sq{R) 



I[Fnn{D < dQ} on V;5',^_J/[^ = d. 



(4.47) 
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Given dg with WdgW < Rq < Rq, the number of di, . . . .dq^i with di < ■ ■ ■ < dq^i < dq and 
\\di\\ < Ri is bounded above by 2''^~^'^^Q . Thus (lOTjl is bounded above by 



(4.48) 



and now (j4.45p can be apphed. □ 
The corollary to the third lemma gives the desired bounds on £^2^',fli5 and S-^^^q {j = 4, 5). 

Lemma 4.8. Let M > 1 and R> 1. There exists a constant C{R,M), and a sequence qr with 
lim^^oo fi'ij = oo, such that for N < M and p < pc, 



^ p^E*^' > R]] < C{R,M)n~3^. 

X,(Uj,Vj) 



(4.49) 



Corollary 4.9. For M > 1, we can choose Q = Q{M) and Ri = Ri{M) (i = I, . . . ,Q + I), with 
Ri < R2 < ■ ■ ■ < Rq+i, such that for N < M, p < pc, and for any Rq, 



C{N) 
<--2,flo,fli 



< C{Ri,M)a 



-M-1 



C{N) 



< C'{Q,R)a 



-M-1 



(4.50) 



-M-1 



< 2^^Q+^C{Rq,M)VI- 
where C'{Q,R) is a constant depending on Q and R, and hence only on M. 



(4.51) 



Proof. The bound on i^2!flo fli immediate consequence of ()4.21|) . ()4.4|) and ()4.49|) . 
For the bound on S^/^^^, we note from (IOn|l . (lOll and (OHll that 



C{N) ^ 
5,R,Q 



AQ+iecSQ+i(ii)^.K-.''.) 



(4.52) 



For fixed dg+i, the number of di,. . . ,dQ with di < ■ ■ ■ < rfg < rfg+i and \\di\\ < Ri < Rq+i is 
bounded above by 2^^Q+^. On the other hand, since the di are strictly increasing, it must be the 
case that > Q, and hence 



C{N) 



X,{Uj,Vj) 



(4.53) 



5,R,Q 



By Lemma [4. 8( we can choose Q = Q{M) such that 

<2^^Q+^C{Rq,M)Q-^^~\ (4.54) 

Finally, we prove the bound on i^l'^^g- The number of dq with H^qH < Rq is at most n^'^'^l' < 

n^'^. Given such a dg, the number of {di, . . . , rfg-i) with di < ■ ■ ■ < dg^i < dg is at most 2^'^^^^^'^ . 
Therefore, 



C(N) ^ 

4,R,Q 



Q=l 



(4.55) 
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By LemmaHiHl given any choice of Rq and any choice of Ri, we can choose Rq+i = Rq+i{Rq, M) > 
Rq sequentially and increasing for Q = 1, . . . , so that 



Q 



Q=l 



< n-^'-^ J2 2^^-^^^^C{Rq, M)n-^'-\ (4.56) 

Q=l 

This is the desired estimate. It is at this point that we make use of the flexibility to choose a 
sequence i?2, • • ■• □ 

This gives the desired bounds on the error terms. The value of Q{M) is fixed by Corollary 14. 9| 
we take Rq = ro(M) V r(M), and we fix -Rq+i > ■ ■ ■ > -Ri > -Rq according to Corollary 14.91 Then 
the restrictions of Lemma 14.51 and Corollaries 14.71 and 14.91 are all obeyed. 

It remains to prove Lemmas 14.51 14.61 and 14.81 This will be done in Section |31 

5 Proof of error estimates 

In this section, we complete the proof of Proposition 12. II by proving Lemmas 14.51 14.61 and 14.81 We 
begin by recalling some basic facts. 

5.1 Preliminaries 

Let D{y — x) = if x and y are neighbours, and D{y — x) = otherwise. Thus D{y — x) 
is the transition probability for simple random walk on G to make a step from x to y. Let 
Tp{y — x) = fp{x ^ y) denote the two-point function, and let t^'\x) denote the probability that 
there is an occupied (self-avoiding) path from to a; of length at least i. 

We define the Fourier transform of an absolutely summable function / on the vertex set V of 
G by 

/>) = E/(^)e*" (A;GV*), (5.1) 
where V* = {0, vr}" for Q„ and V* = [-tt, tt]" for Z". Let 

{f*9)ix) = J2fiy)9ix-y) (5.2) 

denote convolution. Recall from |2j that fp{k) > for all k. 
For i,j non-negative integers, let 

IWl" 1^(^)1 (G = Z«), 

Tp = sup(pfi) {D*Tp*Tp* Tp) (x). (5.4) 
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Recall from Section 3] that for G = Z" and G = Q„, there are constants Kij and K such that 
for all p < pciG), 

T^-' < (z,j>0), (5.5) 

Tp < Kn-\ (5.6) 

rw ^ iKn-^ {i = 1) 

/ P V ; - |2^iri,ifi-^/2 > 2). ^ ^ 

The above bounds are valid for n > 1 for Q„, and for n larger than an absolute constant for Z", 
except ()5.5p also requires n >2j + 1 for Z^. 

5.2 Proof of Lemmas EM EM and IUHl 

Now we prove Lemmas 14. 5t 14.61 and 14.81 The proofs use the following proposition. Recall the 
definition of Vj in Definition 14.2^ 11). and let Vj^l denote the subset of Vj consisting of paths of 
length less than L. 

Proposition 5.1. Let M > 1. There is a constant K3 = K^{M) such that for N < M andp < pc, 
^ p^E'-' [/[F(-']/[{3 occupied u G PA^.,io(Af+i)}]] < ^^3^^"*'-^ (5.8) 

Proof. We assume some familiarity with diagrammatic estimates, as in [01 Section 4]. 
We begin by rewriting 1)3.211) as 

N 

= U n Fv (5.9) 

t,w,z3=^ 

where we have made the abbreviations Fq = Fo(0, uq, wq, zo)o, Fi = F(t>j_i, tj, Zi, Ui, Wi, 2i+i)i, and 
F/v = FN{vN-i,tN, zn,x)n- We will use the estimate 

p''^' (g n U n F^ < ^ p(^' (c n fl F,) , (5.10) 

^ t,w,zj=0 ^ t,w,z ^ i=o ^ 

with G = {3 occupied u G ^^^^^,10(1/+!)} (for fixed j,M). The standard bounds on Ilj/^' use 
()5.10|) with G equal to the whole probability space. In the standard bounds, after applying the 
BK inequality, each of the disjoint connections in ()3.16p - ()3.20|) . say {yi ^ 1/2}, gives rise to a 
two-point function Tp{y2 — Vi)- The overall effect is to bound 11^^' by a Feynman diagram, which 
is then bounded by products of T''-^' as in |9, Section 4] . We will modify this standard procedure 
to prove the proposition. 

We decompose G as G = Gi U G2, where Gi is the event that one of the disjoint connections 
in (|3.16p - (|3.20p . say {yi <-> 1/2}, is replaced by the disjoint occurrence of {yi ^ y2 via a path 
consisting of at least 2(M + 1) occupied bonds}, and G2 = G\Gi. 
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Figure 1: Examples of disjoint connections satisfying G2- Each solid path joining a pair of vertices 
has length at most 2(M + 1), and the first and second dotted paths have lengths at least 2(M + 1) 
and 6(M+ 1), respectively. 



nr< r' . ' ' (5.11) 



(2Af+2,3) 
P 



For the contribution due to Gi, the standard diagrammatic bounds give an upper bound 
identical to that for 11^^', except that the factor Tp{y2 — yi) is replaced by r^^*^"*"^' (?/2 — Vi)- This 
replaces the bound 

(iV = 0) 

of ini Proposition 4.1] by a sum of terms in which one factor T^^"-^' or Tp is replaced by 
The number of terms in the sum depends only on M. By ()5.5|) . this new upper bound is at most 
Oiyt^'^^^^), as required. Thus, we are left to deal with G2- 

To estimate the right hand side of (j5.1(J|) with G = G2, we may assume that each of the 
connections in Fq, . . . , Fn is achieved by a path consisting of at most 2(M + 1) bonds. On the 
other hand, there must exist an occupied path in Vj consisting of at least 10 (M + 1) bonds. The 
coexistence of this path with the disjoint occupied paths required by the event Fj implies that 
we can find vertices a, b and disjoint paths such that two of the disjoint connections in Fj and/or 
Fj+i, say {ni ^1/2} and {y^ ^ 1/4}, become replaced by 

{yi ^ a}o{a^ ^2} o {a ^ 6} o {y-^ ^ b} o {b ^ y^}. (5.12) 

Moreover, the connection from a to 6 must be achieved by a path of length at least 2(M+ 1). This 
follows from the fact that the long occupied path in Vj can partially coincide with at most four 
of the paths realizing the connections of Fj, and these paths have total length at most 8(M + 1). 
See Figure [T] Therefore, we can in fact replace ()5.12|) by 

{yi a}o{a y2}o{a ^ 6 by a path of length at least 2(M + l)}o{y-^ ^ b}o{b ^ t/4}. (5.13) 

In an upper bound achieved via the BK inequality, the two factors Tp{yi—y2)Tp{y3—y4) normally 
present in the upper bound on nj,^' are replaced by 

J2 '^p(y^ ~ - 1/2)7-^'*'+'' (6 - a)Tp{y-i - h)Tp{b - y^) 

a,b 

< sup T^^'^'+^^b -a)\Y, 'Tpiyi - a)Tp{a - 7/2) J2 ^piv^ - b)rp{b - y^) 

V /a b 

< 2''''^^K2M+2,i^-''-\Tp * Tp){y, - y2){Tp * Tp){y^ - 2/4), (5.14) 
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It remains to show that the result of replacing the 
112) {Tp * Tp){y3 ~ 2/4); in the standard bound on 



using ()5.7|1 to estimate sup^ r^^*^+^' {b — a 

factors Tp{yi - y2)rp{y^ - 1/4) by (rp * Tp){yi 
gives rise to a bounded quantity. 

This replacement has the effect of adding a vertex to each of the lines joining yi to ^2 and ^3 
to 1/4 in the standard diagrammatic bound on 11^^'. This leads to a bound in which one factor of 
7x0,3) (j^.llj) is replaced by T^°'^^ or T^^'^\ or a product of two factors of T^°'^' and/or Tp is 

replaced by T^^-'^'T^"''*' (taking an upper bound), depending on whether the two vertices are added 
to the same triangle or not. The result is finite by (jS.Sj) . □ 

Proof of Lemma . 5\ We write simply R in place of Rq, and define 

= {y '■ {vj-i ^ y without using {uj, vj)} on B^'^'} (j = 0, . . . , — 1), (5.15) 
'Eo (j = 0) 



E. 



3,R 



N 



j=0 



By definition, 



/[E*^' on 



I[Ef' on B^f' 1 



and we may therefore rewrite the difference occurring in the definition of Ei'l in (j4.16j) as 



_ i[E^^) on B(f 
We will prove that 



on 



N 



+ (/[^(^^] - I[E 



(NY 
R _ 



I[En - I[E^i^^ on Bn < 2/[F<->] ^ /[fi, n (B<f' )^ ^ 0], 

j=0 

AT 



(5.16) 
(5.17) 

(5.18) 

(5.19) 

(5.20) 
(5.21) 



Assuming ()5.20p - ()5.21|) . the proof is completed as follows. Consider first a configuration contribut- 
ing to the summand on the right hand side of (j5.20|) . In such a configuration, there must be a 
backbone path of length R/{N + 1) > R/{M + 1), since otherwise no backbone path could exit 
B^\ We take R = 10(M+1)^ and apply Proposition Similarly, in a configuration contributing 
to the summand in the right hand side of ()5.2H) . if there is an element of Bj fl Cj^i\Cj-i^R that 
lies outside of B^\ then there must be a path in Vj that exits B^'. This implies that there is an 
occupied path in some Vi of length at least R/{M + 1), and we again take R = 10(M + 1)^ and 
apply Proposition 15.11 On the other hand, if Bj fl C'j_i\C'j_i_jj C B^\ then a path in Cj-i must 
travel from Vj-2 outside of B^' before intersecting Bj, so there must then be a path in Vj-i that 
exits B^', and again the previous argument applies. It remains to prove ()5.20p - ()5.2H) . 

Proof of (\S!M- By (Ell), 



/[Ef'] - I[Er on 



/[E<f' n {(^r)' on B^f' }] - /[(^r)' n on B^f ^j]. (5.22) 
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By (Q, {E'-''^ on B^f C F'^^ and the proof of ^TI^ also easily extends to yield E^f' C F^^'K 
By it follows that 

N 

/[^r n {(^rr on B<f' }] < /[^r] E n {E^, on B^-'}] 

TV 

< I[Fn E ^[^.,« n {E;,, on B^-)}], (5.23) 

j=0 

N 

/[(E^T n {i?r on B^ }] < /[{i^r on B<f )}] ^ /[E^,, n {E,,, on BD] 

i=o 

TV 

< I[Fn E ^[^«. n on B^}]. (5.24) 

j=0 

Thus, it suffices to show that (i) if E^-^ n {E^^ on B(f' } occurs, or (ii) if n {E^-^ on B^f' } 
occurs, then there is a path in 5^ that exits B*f . 

We first consider case (i). It is clear that if Eq H {Eq on B^'} occurs, then there is a path in 
Bq that exits B^'^'. So we consider j > 1. Given sets A,B of vertices, it suffices to show that if 
E'{v, X] A) n {E'{v, X] Ay on B} occurs, then there must be an occupied path from f to x that 
exits B. Recall from ()3.2j) that the event E'{v,x] A) is the intersection of the event {v ^ x} with 
the NP condition. Therefore, 

I[E'{v, x; A) n {E'{v, x; A)" on B}] = I[E'{v, x; A)]I[{v A x}" on B] 

+ I[E'{v, x; A)]I[{v A x} on 5]/[NP^ on B]. (5.25) 

In the first term on the right hand side, the event E'{v,x;A) requires that {v 4> x}. If every 
path from f to a; stays inside B, then also {v A x} on B. The second factor therefore ensures 
that there must be a connection from f to x that exits B, as required. In the second term on the 
right hand side, NP holds, but not on B. This means that, on B, there is a pivotal bond {u',v') 
for the connection from f to x such that v A u\ but that there is no such bond when the entire 
configuration on G is used. This can only happen if there is an occupied path from f to x that 
exits 5, with this path either making {u',v') no longer pivotal, or providing a path from v to u' 
that does not intersect A. 

Next, we consider case (ii). The case j = cannot occur. We consider j > 1, and proceed as 
in the proof of case (i). By (j3.2j) . 

I[E\v, X- Af n {E'{v, x; A) on B}] = I[E'{v, x; A) on B]I[{v A x}' f] NP] 

+ I[E'{v, x; A) on 5]/[NP^]. (5.26) 

In the first term on the right hand side, the event {v A x} occurs on B but does not occur on G. 
This implies that there is an occupied path from f to x that exits B (and does not contain a vertex 
in A), as required. The second term on the right hand side is zero. To see this, we first observe 
that the event NP*^ implies that (on G) there is an occupied pivotal bond [u', v') for v ^ x such 
that V <^ u'. The bond («', v') must also be pivotal for the connection from f to x on B. Moreover, 
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since E'{y,x; A) occurs on B, it must be that v is connected to u' on B and {v u'Y occurs on 
B. This contradicts v ^ u' on G, and hence the second term is indeed zero. This completes the 
proof of dESni). 

Proof of fl5.21jl . We begin with the identity 

N j-1 N 

i[En - /[^r] = E n nE^,n]{Im - n nm, (5.27) 

j=l 1=0 i=j+l 

in which the absent term with j = is equal to zero. It suffices to show that \I[Ej] — I[Ej^ii]\ 
is bounded above by the indicator that Bj intersects C*j-i \ Cj,R, multiplied by either I[Ej] or 
I[Ej^n]. The former gives rise to the summand on the right hand side of (j5.2ip . while the latter, 
in combination with the products over i in ()5.27|) . ensures that all connections necessary to imply 
F'^' are present. We proceed to obtain this estimate for \I[Ej] — I[Ej^jf\\. 
For A G A' , we write 

I[E'{v, x; A')] - I[E'{y, x; A)] = I[E'{v, x; A)' f] E'{v, x; A')] - I[E'{y, x; A) f] E'{v, x; A'Y], 

(5.28) 

and we consider the two terms on the right hand side separately. For the first term, we use the fact 
that if NP occurs for A' then it also occurs for A. Therefore, the event in the first term implies 

A' A 

that E'{v, x; A') fl {f x} fl {f ^ xY occurs. In particular, there must be an occupied path from 

V to X that intersects A'\A. Similarly, for the second term in (j5.28|) . we have {v ^ x} C {v ^ x}, 
so the event of the second term implies that E'{v,x; A) occurs, and that the NP condition holds 
for A, but not for A'. The latter implies that, as required, there is an occupied path from f to a; 
containing an element in A' \ A. This completes the proof of ()5.2H) . and completes the proof of 
the lemma. □ 

Proof of Lemma \4.6\ We first argue that if D = d, but {D < d} on V^^, then there must be an 
occupied path of length at least 10(M + 1) in some Vj, and hence, 

I[{D < d} on ^'^pJI[D = rf] < E ^[3 occupied ujeVj\ P^- io(m+i)]/[^ = ^1- (5.29) 

j 

Suppose, to the contrary, that all occupied paths in each Vj have length at most 10(M + 1). Let 
R > r{M) = 10(M + 1)2. Then if D = d, it must also be the case that {D = d} on V|^5^, since the 

paths that determine D travel at most a distance 10 (M + 1) in each of the + 1 expectations, 
and hence travel a total distance at most 10 (M + 1)(A^ + 1) < R. This proves (|5.29|) . 

We substitute ()5.29p into the left hand side of ()4.45|) . perform the sum over d using the indicator 
I[D = d], and apply Proposition 15.11 to obtain the desired estimate. □ 

Proof of Lemma \4 . 8[ We again assume some familiarity with the methods of [9, Section 4]. Fix 
M and < M, and fix a positive number a < 1. 

Suppose that F'^' occurs and that \\D\\ > R. By Proposition 15.11 we need only consider the 
case in which all occupied paths in each Vj have length at most 10 (i?" + 1), since the complement 
obeys the desired estimate with gji = R"- + 1. We make this assumption throughout the proof. 
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Given a bond configuration, we can select a sequence of occupied level-j paths rjj G Vj (a path 
may consist of a single vertex and the paths need not be disjoint), for i = 1, 2, 3 and j = 0, . . . , N, 
which together ensure that F''^' = H^^qFj occurs (see ()5.9|) ). In Figure El the paths Tj{,rj2,rjl 
are the two paths joining Vj^i to Uj and the path joining to -Bj+i- Denote the union of the 
vertices in ri{,ri2,rjl by Aj, and let A = U^LqAj. By our assumption, the set A explores at most 
(A^+l)30(-R'^+l) < 30(M+l)(i?"+l) dimensions. We consider the case where R is large (depending 
on M), so that in particular R > 30 (M + l)(i?" + !)• This implies that there must be additional 
occupied paths in U^qPj- that explore additional dimensions. In fact, there must be some j for 
which the number of dimensions explored at level-j exceeds R' = (M + l)~^[i? — 30(M + l)(i?" + l)], 
and hence the number of these paths exceeds R" = i?'/10(i?" + 1). We fix such a j. More precisely, 
given a bond configuration for which > R, we can find a j and a sequence of occupied paths 
uji, . . . ,ujR'i e Vj, such that ui enters a dimension not entered by A, and, for / > 2, a;/ enters a 
dimension not entered by A U {Uk<iuJk), where the union refers to a union of vertices. Note that 
since a < 1, i?" — oo as -R oo with M fixed. 

The paths rjj {j = 0, . . . , N, i = 1, 2, 3) ensure that the disjoint connections required by the 
event F''^' occur. If we were to neglect the fact that the paths ui are occupied, an application of 
the BK inequality would lead to the standard diagrammatic estimates for 11^^', as described, e.g., 
in jni Section 4]. With this in mind, we take the paths ui into account sequentially, as follows. 

First, since ui enters a dimension not yet entered by Aj (where j is the special level fixed 
above), there is a vertex in uji that is not in any of the rjj (i = 1,2,3). By following uji forward 
and backwards until it hits Aj or -Bj+i for the first time, we obtain a portion uj[ of uji that begins 
in Aj and ends in either Aj or -Bj+i and that is disjoint from the paths rij. 

If uj[ both begins and ends in Aj, then it has the effect of connecting two vertices on the paths 
ViiVii vi by an occupied path which is disjoint from these paths. If we apply the BK inequality in 
this situation, we produce Feynman diagrams that are constructed from those bounding 11^^' by 
adding two vertices on diagram lines and joining them by a new line. In other words, we replace 
the product (say) Tp{y2 - yi)Tp{y4 - 7/3) by 

J2 ^p(?/2 - a)Tp{a - yi)Tp{y4 - b)Tp{b - yshp^b - a) (5.30) 

a,b 

as in ()5.12|) . As in the proof of Proposition 15.11 we bound the factor sup^ ,,r^^'(6 — a) by KQ~^ 
using ()5.7p . and we are left with a diagram with two additional vertices a,b. This diagram was 
bounded by a constant in the proof of Proposition 15.11 

If uj[ begins in Aj and ends in -B^+i, then this has the effect of augmenting Ti{,ri2,ril^ with 
a disjoint path from a vertex on one of these paths to the end of u'^ in -Bj+i. Call this latter 
endpoint w. Since w is in the first entry of uj'i into -Bj+i, we can augment the level-(j + 1) paths 
,1^2^^ ,1^^^^ by a disjoint level-(j + 1) path passing through w, as indicated in Figure |21 If 
we apply the BK inequality to this configuration, the result is a sum of Feynman diagrams, with 
extra lines due to these additional disjoint connections. We can begin to bound this diagram by 
extracting a factor supa^r^^'(6 — a) < KVt^^ from the connection due to uj'i, and then a factor 
Tj^°'^' < Kq 2 due to the level-(j + 1) connections that contain w and are bond-disjoint from the 
level- (j + 1) connections rji^^ . This leaves a standard fl^^' diagram with at most three extra 
vertices, and this is bounded by a constant by standard bounds, using ()5.5|) (provided we take the 
dimension sufficiently large). 
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Figure 2: Examples of disjoint connections required by uj'i. The path uj'i is a level-j path, whereas 
the other two dotted paths are part of the level- (j + 1) backbone. 

The above explains the procedure if there were only one path uji. However, we are interested 
in the situation where there is a large number El' of paths uJi. In this case, we first find the path 
uj[ as above. Because uj2 explores a dimension not entered by A U cui, we can find a subpath 
of UJ2 that starts at a vertex in f]i,i]2,ri-l or uj[ and ends either in this set or in -Bj+i, and that is 
disjoint from rj{,rj2,r]l and uj[. If uj'2 ends in -Bj+i, then we can find disjoint level- (j + 1) paths 
as explained above. If we had only these two paths uj'i,uj'2i we would apply the BK inequality as 
usual to produce a Feynman diagram, and then estimate this diagram by first bounding the lines 
created by uj'2, obtaining a factor from the fact that uj'2 takes at least one step, then bounding 
the lines created by uj[, obtaining a second factor VL~^ . This leaves a standard 11^^' diagram with 
at most six additional vertices, and this can be bounded by a constant. 

The general case is handled similarly. Each uj[ gives rise to a diagram line that produces a factor 
fi^^, creating an overall factor VL~^ . In bounding diagram lines iteratively, we may encounter 
lines with extra vertices (where lines already bounded were previously attached). However, the 
number of these vertices on any one line is less than 4i?", since each uj[ adds in total at most four 
vertices to the diagram, as in Figure |21 After all the lines due to the uj'i have been bounded using 
suprema, we are left with a standard IV-^^ diagram, again with at most 4i?" extra vertices. This is 
bounded by a constant depending on R" and M, for n sufficiently large, using (j5.5|) . The number 
of diagrams produced depends only on M and B!' . Since R" < R, we end up with an overall bound 
that is a constant multiple of , where the constant depends on R and M. 

This completes the proof. □ 

Acknowledgements 

We thank Christian Borgs, Jennifer Chayes and Joel Spencer for many stimulating discussions 
related to this work. The work of RvdH was supported in part by Netherlands Organisation for 
Scientific Research (NWO), and was carried out in part at Delft University of Technology, at the 
University of British Columbia, and at Microsoft Research. The work of GS was supported in part 
by NSERC of Canada, by a Senior Visiting Fellowship at the Isaac Newton Institute funded by 
EPSRC Grant N09176, by EURANDOM, and by the Thomas Stieltjes Institute. 



24 



References 

[1] M. Aizenman and D.J. Barsky. Sharpness of the phase transition in percolation models. 
Commun. Math. Phys., 108:489-526, (1987). 

[2] M. Aizenman and CM. Newman. Tree graph inequalities and critical behavior in percolation 
models. J. Stat. Phys., 36:107-143, (1984). 

[3] M. Ajtai, J. Komlos, and E. Szemeredi. Largest random component of a k-cuhe. Combina- 
torica, 2:1-7, (1982). 

[4] N. Alon, I. Benjamini, and A. Stacey. Percolation on finite graphs and isoperimetric inequal- 
ities. To appear in Ann. Probab. 

[5] T.H. Berlin and M. Kac. The spherical model of a ferromagnet. Phys. Rev., 86:821-835, 
(1952). 

[6] B. Bollobas and Y. Kohayakawa. Percolation in high dimensions. Europ. J. Combinatorics, 
15:113-125, (1994). 

[7] B. Bollobas, Y. Kohayakawa, and T. Luczak. The evolution of random subgraphs of the cube. 
Random Struct. Alg., 3:55-90, (1992). 

[8] C. Borgs, J.T. Chayes, R. van der Hofstad, G. Slade, and J. Spencer. Random subgraphs of 
finite graphs: I. The scaling window under the triangle condition. Preprint, (2003). 

[9] C. Borgs, J.T. Chayes, R. van der Hofstad, G. Slade, and J. Spencer. Random subgraphs of 
finite graphs: II. The lace expansion and the triangle condition. To appear in Ann. Probab. 

[10] C. Borgs, J.T. Chayes, R. van der Hofstad, G. Slade, and J. Spencer. Random subgraphs of 
finite graphs: HI. The phase transition for the n-cube. Preprint, (2003). 

[11] M.E. Fisher and R.R.P. Singh. Critical points, large- dimensionality expansions, and the 
Ising spin glass. In G.R. Grimmett and D.J.A. Welsh, editors. Disorder in Physical Systems. 
Clarendon Press, Oxford, (1990). 

[12] D.S. Gaunt and H. Ruskin. Bond percolation processes in d dimensions. J. Phys. A: Math. 
Gen., 11:1369-1380, (1978). 

[13] P.R. Gerber and M.E. Fisher. Critical temperatures of classical n-vector models on hypercubic 
lattices. Phys. Rev. B, 10:4697-4703, (1974). 

[14] D.M. Gordon. Percolation in high dimensions. J. London Math. Soc. (2), 44:373-384, (1991). 

[15] T. Hara and G. Slade. Mean-field critical behaviour for percolation in high dimensions. 
Commun. Math. Phys., 128:333-391, (1990). 

[16] T. Hara and G. Slade. The self- avoiding- walk and percolation critical points in high dimen- 
sions. Combin. Probab. Comput, 4:197-215, (1995). 



25 



[17] T. Hara and G. Slade. Unpublished appendix to ^E]- Available as paper 93-288 at 
Fhttp : / /www . ma . utexas . edu/ mp arc] (1993) . 

[18] R. van der Hofstad and G. Slade. Expansion in for percolation critical values on the 
n-cube and Z": the first three terms. Preprint, (2003). 

[19] H. Kesten. Asymptotics in high dimensions for percolation. In G.R. Grimmett and D.J. A. 
Welsh, editors. Disorder in Physical Systems. Clarendon Press, Oxford, (1990). 

[20] M.V. Menshikov. Coincidence of critical points in percolation problems. Soviet Mathematics, 
Doklady, 33:856-859, (1986). 



26 



